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_Errata
Tae author has changed positions and is now:

Jokn H, Nath

R search Engineer
Department of Oceanography
Oregon Siate University
Corvallis, Oregon 97331

Page 19, Eq. {26}, should read:

Page 20, the end of the second line below £q. 130), should recad:

B=2z /sin 2k
)] a

Pag> cu, the third line from the bottom should read:

"is a surface following disc and the other is a non surface

following, or"
rage 33, the third word in the first line of the last paragraph should be:
"output"
Figure 42, in the caption the depth should be:

“Depth = 1000 FT,
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ABSTRACT

Analytical and nwrerical studies were made of single peint
moorings of a large disc buoy in deep water. Waves of different
frequencies and winds of different magnitudes were imposed on moorings
of different scopes for nylon ropes. The numerical mcdel results
compared favorably with analytical solutions for a straight vibrating
string and the buoy motion was validated with the results from a
hydraulic model study. Approximate calculations, based on the straight
vibrating string solution, were compared to the numerical rasults of
curved mooring lines of various scopes. The analytical prediction of
line tencion was from fair to poor but the prediction of the position
of the nodes of tension and the natural frequencies of the modes was
good. A new method of presenting mooring line tension data in dimen-
sionless form is presented that reduces moorings of different frequen-
cies and line diameters to a common scale, The versatility of the
numerical program was illustrated with two runs for mcorings in shallow
water with large waves in addition to a computation of line tension,
position and velocity for tke condition ot a wind shift of 180 degrees
on the buoy. The usefulness of the numerical program as a design

00l was established.
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INTRODUCTION

Bac{ground Information

This report will present the current status of research inte the
numerical analysis of the motion of the mooring line and buoy of a
single point mooring in the deep ocean for an oceanographic buoy. The
vork originally started in the summer of 1967 for the Convair Divisior
of (eneral Dynamics and was centinued in the summer of 1968. During
the academic vear 1968-1969 the work was continued by the author on a
part time basis at Oregon State Univrersity under the auspies of the
Office of Naval Research. Such a part time arrangemenrt was continued
during the past academic yvear, alsc for the OfFice of Naval Research.
The chjective of this study has been to deveiop a flexible numerical
progras that can be used for design work ané for engineerirg research
on the mworing of an oceancgraphic buoy in deep water with a singie
line. It was desirad that the prograr be able tc handle situations
with relatively large scopes as well as taut moorings. The effects
from waves, or problems on transisnts, such as the anchor last
depicyment prorzdure, czn be stuased. An a:ternative, r supplempental,
approach wauld have been 2o consider a solution basad on smaill
pzrrurbations about the equilibrium positien of the line., However,
such a prucedure considers only csinusoidal input function, ard ths
progras that was developed vas much mor2 flexibie in being abie o
compute results for a wide variety of probdblems which inclim'z4d cirtauin
non-iinear effects. For design purposes it would be w.eful to aave

both types of solutions.




The numerical program can be considered tc exist in two parts -
one that determines the static or equilibrium position and tension in
the line due to the action of wind, current and gravity and the second
part that determines the dynamic tension and motion of the line due to
waves or nther forcing functions. The first part generates the initial
conditions for the second part. All lcads and system respunses are
considered to be acting in one plane.

The static part of the work has been described in Refs. 10 and
11 and the dynamic pertion of the program has been described in Refs.
11 and 12,

The work has been successful to the point c¢f developing and
dabuvging a program which predicts the pocition, velscity and tension
in a1l parts of the line and the bucy motion. The forcing function
can be a wave of any fcrm, providing the water particle velocities
and accelerations are known as functions of water surface elevation.
In addition, other transient problems can be studied, such as an
anchor last deployment in still water, or a transient horizontal
motion of the buoy due to 2 directicnal change in the wind. In many
cases the internal or structural damping in the line bas been con-
sidered as well ac the hydrodynamic damming.

The differential equations cf motion of the line have been
derived in Ref. 12. The method of characteristics was used to set
up the computaticnal zchexe for the nuwmerical scluticnp. 3chram and
Reyle¢ {15) stated it well that the method - { characterictics does not
limit one to the considecration of smzll perrurbations about th
equilibrium. It was zlso shown in Ref. 12 how transfer functions can

b2 developed and a general agreement was illustrated between a




computed transfer function and one developed from experimental work

on a mooring in 13,000 feet of water near Bermuda.

Scope of This Study

This study continues tc consider the co-planar or two-dimensional
problem only. The buoy considered was the large discus buoy (forty
feet in diameter) developed by ueneral Dynamics for the Office of
Naval Research. The mooring line characteristics are typical for
man-made fibers, being non-linear in the stress-strain relationship.
An approximation to line damping was included. Some time was required
for additional debugging of the program from the 1969 ressults. It is
felt that the program is highly developed now and can accomodate most,
if not all, configurations of interest.

Favorable comparisons were made between the closed mathematical
solutions for a relatively straight, vibrating string and the
numerical model. Both longitudinal and transverse vibrations were
considered.

Some recent laboractory experimentation with models by General
Dynamics has resulted in data that enabied the author to validate the
portion of the numerical model thac predicts the prototype buoy
motion due to aifferent excitations. In addition, recent wind tunnel
studies at Colorado State Univ2rsity have enabled a more accurate
assessment of the wind drag forces un the buoy.

Of some interest of late has been tue question of how the
mooring line tension, and particularly thatr at the anchor, changes
when a sudden 180 degree wind shift occurs at the buoy, holding all

other variazbles constant. 7This prcblem was successfully studied and




it was determined that no unusual forces were exerted at the anchor
that werxe not also cistributed down the mooring line.

The primary interest in this research was to obtain some deter-
mination as to the influence cn dynamic line tension due to line
scope and the magnitude of the wind as well as the frequency of the
Javes. in addition, some minor runs were made at shallow depths to
sees how the mooring line behaved when a fairly large wave wsis
subjected to the system.

It is felt that much more needs to be done in order to gain a
complete view of the entire range of problems associated with the
type of moorings that were studied. However, due to a2 real limitation
in time and other resources it was necessary to leave the very

interesting additional work to future studies.

Review of Recent Literature

Reference 12 presents a complete derivation of the equations of
motion of the mooring line and buoy. The numerical solution of the
eqnations indicated that the relationship between wave height and
mooring line tension was somewhat linear for a wave period of 7.15
seconds. Hence, transfer functions, wh*ch relate the wave spectrum
to the tensicn spectrum at a position on the line were developed for
a simulated mooring :apresenting real prototyps conditioas near
Bermuda in 13,000 feet of water. General asreement was obtained
between numerical predicticns and fi-ld measured values of the trans-
fer function. In addition, frequency response curves for the large
disc buoy in the heave and pitch modes of moticn were generated and
it was estimated that the buoy was a nesrly perfect surface follewsr

for all wave frequencies up to 0,28 cps, where the response dropped




- T Y e——

off sharply. Waves of higher frequencies provided very little
stimulation to the buoy motion.

It is interesting to note that Devereux, et.al,, (2) reported tihat
line tension at the buoy was quite linearly related to wave h ght for
waves of mixed frequencies for measurements taken at a prototype moor-
ing in the Gulf Stream where the water depth was about 1040 feet and
the iength of nylon line plus chain was 1IR30 feet. The measurements
were taken during Hurricane Betsy when the wave heights were as large
as 30 to 50 feet and the predominant wave period was ten seconds.

The problem of predicting the static position of a buoy and
mooring due to steazdy current has received considerable interest.

Nath and Felix (:0) presznted basic equstions znd developed a numeri-
cal solution based on equal incra2ments of tangency angle. Berteuux

(1) also prssenis the basic squations and typical current prcfiles to
be used off the East Coast of the United States and he presents some
comparative results or calculations which study the influance of line
diameter and scope on mooring design. Martin (7) describes . numerical
program based on equal line segments and gives information on experi-
mental drag forces on some buoy shapes. The report is mainly concerned
with mooring lines that have steel rops for the upper portion to

resist fish bi‘e and nylon rope for the lower portion.

Treatments of the problem of solving for the dynamic tensions in
different types of moorings nave been developing in recent years.

Natp {12) describes the foundations for the preseat study. Fofonoff
and Carrett¢ (4) developed approximate theoretical computations based
on drag forces acting on the upper pcrtion oniy of taut moorings.

They were also concernad with the transient forces due to the anchor




last launching technijue. Millard (9) presents static teasion
variations and particularly dynamic tension variations wherein the
dyraric tension variations were very roughly proportional te the wiad
speed. He attributed that behavier to the increased sea state for
higher winds but this report will show that it is also reascnahle to
attribute at least 3 large portion of the increased dynamic tension
to the increased mean line tension.

Goeller and Laurz (6) present equations of motion for closed
solutions in complex form for straight cempound lines where the central
interest is in salvage, or raising loads from the ocean floor. They
included concepts of internal damping in the line, comparing the
resuits cf a simple distributed mass having the usual two parameter
model of damping with a lumped mass three parameter mndel. Experiment
and theory showed that the simpie treatment yieslded good results in
the region of resonznce; where the effects of damping are most
important.

Schram ond Reyle {J5) used the method of characteristics
transformation to the partial differential equations for a flexible
line to develop a three-dimensional nmumerical solution for the
dynamic response of cable towed systems at sea. They considered the
cakle to be inextensible and they did not consider hydrodynamic added
mass. Since the modulus of elasticity of the material was not
considered, the slape of all characteristic curves were equal to the
velocity of a displacement wave on the lire. Nath (12} showed that
the slope of two of the four characteristic curves were equal to the

celerity of a longitudinal elastic wave in the line. The cable




towed systems illustrated that the transverse motion was damped to a
much greater degree than the lcngitudinal motion.

The anchor last deployment procedure for buoy moorings was
investigated by Froidevaux and Schol:en {5). The analysis for
numerical solution utilized a lumped mass representation of the line.
The analysis was done for a short system and the results were extrap-
olated for a largexr one. When the elasticity of the line was iatro-
duced into the solution a prohibitive amount of computer time was
encountered.

A major unknown in the analysis of buoy mooring systems has been
the hydrodynaric drag and sdded mass characteristics of the buoys.
Mercier (8) describes an experimental model study on various buoy
shapec in a wave basin and Felix (3) describes a model study for the

large disc buuy.
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THEORETICAL CONSIDERATIONS

This section will present a summary of the final developments of
the scheme for the numerical modeling for a single point mooring of
the large ONR disc buoy. The assumed line is a3 typical nylon plaited
rope with a non-linear stress-strain diagram and simpie twe parameter
damping, which is inversely proportional to the frequency, will be

used.

Governing Equations for Line Motion

The derivations for the governing equations for the line motion
are given in Ref. (1Z). The method of characteristics was utilized
to transform the partial differentizl equations to total differential
equations. The four dependent variables involved are the velocity of
the line taken in the axial direction, which is tangeat to the
curvature of the line, v, the velocity of the line taken in the
radial direction, which is perpendicular to the line tangent, Voo
the angle the line tangent makes with the horizontal, 6 , and the
line tension, T . The two independent variables are the distance,
s , measured along the iline from the coordinate axes as shown in
Fig. 1, and the time, t . The solution proceeds numerically on an
imaginary s-t grid composed of equal time increments, 4t , and
distance increments, A4s , (except at the upper boundary condition,
which is described later). 1IYllustrations and a description of the
procedures are given in Ref. 12,

The finite difference form of the total differential equations

can be sxpressed with the following matrix equation.




On the
characteristic
curve
1
1 ds _j
r - B 7 - = t dt ]
(1) 1 (2) \ {Az"’i
- - i 2
1 0 VZ E-(T-)-: Va fl ’ \u ’, "
a | !
1 u!
., (1) 1 (2) ) r_Ag) 1
10 Vr * [¢3) Vr f2 ‘ \u :
s Ce v o 1
i : , (1)
- i,
(1) _ . (D @ | . (T
t oyl
(1) + o () (2) . TV
0 1 (Va “r ) 0 T *g : V& t
L ' ‘
- - p— - o
Whezein the f terms represent the forcing functions on the
line. The superscript 2 stauds for the values at t+at ond the
superscript 1 stands ror the values at time t . That is, the
coefficient matrix contains the values of v , etc., at time ¢t
In Eq. i,
1
_[AE}?
Ca © (Ir_} 2
and
z \35
_iIl
Cr = 1M} (3)

where A is the cross-sectional area of the line, E is the modulus
of elasticity, or the siope of tiie tangent t¢ the stress-strain
diagram of thz line, u is the saturated wmass density of the line in

slugs per foot and ™ is the virtual mass of the line per foot (the
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actual mass plus the hydrodimziic added mass). For completeness, the

forcing functions wiil be l_uted below.

1, . .
f, = - at 1 - 32) 5in8 + v - v 8§ ~ =— - — At =~ 4
1 drg (-3 a = Cu E 322 ()
—- CQ
. R 1 . i 2 3%¢
- PR | - % - AT {s
f,=- bt g (1-7 sind v v, -V 8¢ o tt oz %)
<

C 1+ C.5
D[ 2 \H { 1) | . )
£ = At {~~7 —cd ¥ V] o+ 1 1A, tos® - A sing
3 LFEIT 56 POASC | x
56'1\' -} A 1 '
- ;E“I‘E—! g cosdl + vt fva - Cr} 8 {8)
1 If
C 1+¢C
- A _.[.)_’ ‘E {l ..__..._I. = ‘)
f4 = 4t [u \C! s G} v lV} + (G < CI) (Az cosé - Ax sing
L '
{6 -1} gcos8l +v_+ (v +Cj 8 (7N
G+ CI T R T

In the above equatioms, g 1s the acceleration of gravity, § is
the specific gravity of the saturated line, Q is the damping
coefficient which wiil be described lster, ¢ is the strain in the
line, CD is the drag coefficient perpendicular to the line, 0 |is

the line Jdiameter, is the added mass coefficient (which is equal

C
I
o 1.0 for a smooth circular cylinder), V 1is the relative velocity
between the line and the water in the radial direction and A and
A - are the accelerations of the water particles in the 2z and x
directions. The values of the variables in Eqe. 41 through 7 are
determined at time t hy an interpolation proceaure from the s-t

grid intersection points as described in Ref. 12. The second

derivative of the l:ns strain was determined simply with the finite
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difference approximation,

2. €, - 2€, t €
3 i 5 = 3 1 (8)
ate (4t~

vhere the subscripts represent the preceding values of strain.

Governing Ecuations for Buoy Metion

The motien of the bucy was simply treatcd in terms of rigid body
motion. All the forcex actving on the buoy were considered in the
x2 and 2 directious which zre showm in Fig. 1. 7Tne acceleration
of the buoy was determinsd at each time station with Newton's secord
law of motion and the displacement and velocity for the nest time
station w#as determined by means of recurrence formulac. The forces
on the bucy were those duc to pressure, or buoyancy, wind and current
drag, added mass, line tension and gravity. The forces were susmed
in the x2 and z2 directivns and moments were summed about the
center of gravity. ™o approximate the true distribution of forces on
the buoy the buoy was divided into 2z number of pis-shaped pieces.
It was assumed ¢hat dray and added mass forces were concentrated
near the lower chine cf the buoy. By taking summation of forcez in
the x2 cdirection equal to the mass of the buoy times the acceler-
ation of the center of gravity in the x2 direction and by subseguent

re-avrangment the following egquation can be derived.

+ F

KiX2 ¢ Ky = Ktsing + ¥, - T , +Ip, + F,

2 x2

* CrpPdgy o

And in the 22 direction,
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Kgz2 - Ky = - Wocosg e W) - Typ » Ip, * }:pzz

+ CIADEYAzZ . (i0)

Likewise, by taking summation of moments about the center of gravity
equal to the moment ¢f inertiz about the center of gravity times the

angular accelation,

$=W _ 2Z,+F 2, +T , 2 -+ Ep{mom.arms)

KeXZ - K22 + K xz “2 x2 “1 x2 “x

: ¢
- v Ty - N : .
) Fa2 Xy T ORP Ty A BY - Gt ¥R, Xy 2 qé (1)
In the ghove equstions é represents the derivative of ¢ with

respect to time and ¢ is the second derivative. The coefficients

on the left of the equaticns are,

K) = 35+ Cppoly (12)
kz = C1R9 i v (i3)
K, = %= £ i4
17 The Y (14)
Ky = 5720 E¥X, (153
¥, = Crpp Z, Iy (16)
=T + -2 2 ¢

Ké 1+ hIRp 25 Iy + CIAO ZYXI an

Tre definitions of the various terms in Egs. S through 17 are:

¥t is the total buoy weight, wyz is the wind force component in the

x2 direction, likewise for wzz , sz and T_2 are the line force

cowporents, p is a pressure force on a pie-shaped piece of the buoy,

th: details of which will not be presented here, sz is the total

wave and current drag force acting on the buoy in the x2 direction




=
(A}

and it was assumed that it acted at 2 point nid-xay between the
sttachment point usd where the waler surface profile intersacis the
z2 axis, which was designated the distance Z1 from the center of

gravity, F is the wave and current drag force acting cn z pie-

z
&

(8

piece in the 12 direction based on the relative velocity st the

lover chine and acting at a distance X, £from the center of gravity,

[

pzraliel to the xI axis, CIR is the inertia or added mass

coefficient for the buoy Iln the radial, or xZ direction, € is
the insrtis coefficient in the axial or 2 direction, o is the

mass density of sea water, A, is the component of the acgelsration

Lad

of the water particles at in the =22 dirsction, 4 13 the

5
“1 z

acceleraticn of the water particles av the chine of a pie-piesce, 7~

[1$]

iz the gispiacezent volume of 2 pie~pisgce, is the distapce from

2
2
the centar of gravity to where the wind force is assumed to dbe
concentrated, ZS is the distance £:om the center of gravity to the
attachment point, {mom.arms) refers to the various moment arms from
the center of gravity to the pressure forces on the pie-piece and q
is a daxping scefficient that was used in comj..ction w.th ¢ to
provide the proper damping and peried of the buoy as predicted by cne

numerical model in order that the pitch mode nmatch the results of a

hydraulic model study.

Boundary Conditions

At the anchor end ef the line the velocities and displacenments
are set equal to zerc for all time. Then the set of four squazions
and four unknowns as expressed im Eq. 18 ruduce #o is0 equations
and two unkn-wns for determing the values of ¢ and T at the

anchor.
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The lin¢ is divided into a number of equal segments, 4s lung,
at time = Q. The segment lengths remain fixed in fime except for the
end segment which attaches to the buoy, the length of which is
determined at sach time increment. The number of segments can be
increased or decreased accerdin; to whether the line is iengthening
or shortening. The procedure is to use the method of ciaracteristics

to determine v, v , o and T for all segments except the

T
one next to the buoy., Knowing A8s and ¢ for each segment, the
coordinates at the ends of each segment are determined. Since the
coordinstes of the attachment point at the b-oy are known from the
buoy motion subroctine, the length of the iast segment can be deter-
mined, which also determines 6 for the last segment. Knowing the
distribution of tension in the iine, uie strair in each equal segmen®
can be determined and since the total length of the line is known the
strain in the end segment cen be calculated, thence the end tension
from the stress-strain diagram. The velocities of the end segment

are determined from the buoy subroutine. More details on the above

procedures are presented in Ref. 12.
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PHYSICAL CHARACYERISTICS OF THE SYSTEM

This study considered mooring 1i:es which are characterized by
plaited nylon., Deep water depths were mostly considered because
aeversl hsymonics ur the resonast frequencies for such mooring con-
ditions can exist. Line diameters of 2.8, 2.5 and 3.5 inches were
used with scopes of 0,8, 0.87 anc 1.13, where scope is the original
unstreteched length of the line divided by the water depth. Two
conditions of wind srd ¢ rent were investigated. The winds were 50
knots and 150 knots and the corresponding current profiles that were
assumed are shown in Fig. 2.

It is very difficuit to determine the elongation characteristics
for rorzs made of synthetic fibers for a general study. Generally,
peiyester materisls have less =longation than nylon for the same
stress condition. However, the type of rope, twist-lay, plaited,
etc., and the tightness of the strand will influence the load-
élongstion cu.ves to a great degress, so that it is possible and it
has occurred that certain types of nylon ropss wiii display less
elengation than certain types of polyester ropes. Generally, of
course, the reverse is true. In addition, the stress-s*rain charac-
teristics are considerably influenced by subm:rsion of the rope, yet
practically no information exists on this topic. Thus, a designer
has little information to work with urless tests can be perforzed,
under water, on theé very repe he plans tc use. For this study is was
assumed that the mooring rope was subject to an initizl and permanent
strain of 0.1 from the initial, or scme subsequent, loading. Tane
stress-strain diagram is presented in Fig. 3. Also on Fig. 3 ar~ the

resalts of some testing that are reported on in Martin (7) and Wilson
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715) and the stress-strain diagram used in Ref, 12. The final
selectioa of the stress-strain diagram was somevhat influenced by test
information provided by the Columbian Rop: Company.

The internal hysteretic damping characteristics for the line were
estimated from information given in Refs. 15 and 16. The procedure
was to =sasure the area (thus the energy dissipated ) of several
hysteresis loops, approximate them as elipses and utilize the follow-
ing equations. For an eliptical hysteresis loop, the amplitude of the
loading function Po » is related to the amplitude of the displacement,

X, and the phase shift, 8 , with:

Area within the elipse

sin B = "
¢ "o

(18)

Thus, B8 can be determined. Simple linear damping in a continucus

system is characterized by

o(s,t) = E e(5,1) + Q 3% (19)

or in a non-linear system (as considered in this report) by

o(s,t) = o) + Q2% (29)

whers o 1is the stress (calculated as ths line tenrsion divided by the
original cross-secticnal area of the iire). E is the modulus of
elasticity of the material, € is ths strain and Q is the damping
coefficiant. The damping coefficient, Q , can be estimated by
considoring the iinsar system, wherein
tan 8 = 32 (21)
(e}

where w 1is the frequency sf the forcing function and E, is the

d
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mean, or dynamic modulus of elasticity. Thus

£ {r

- i r \
Q= E. tan sin 1 {W) (22)

d r P x
o'

Thus from Refs., iS5 and 16, Q was estimated toc be

6
4 - 10 1b - se .
qQ=— = (23}
ft?

For the sclution of the numerical pregram the drag forces in the
longitudinal direction on the line were igncred. It has bsen shown
in several studies that they have negligible infiuence when scope is
less than 2. The drag coefficient in the radial direction was taken
equal to 1.4 and the added mass coefficient was given the theoretical
value of 1.0 for a smooth circular cvlinder. The saturated mass

density of the line was developed as
B = 1.71 D? {24)

where u 1is the mass per foot and D 1is the line diamster in feet.
Equation Z4 was based on a saturated mass density of the line of 2.17
slugs per cubic foot.

A physical description of the buoy is presented in Ref. 12.
Several ccefficients were derived for the buoy frnm experimental
informaticn. The drag coefficient in the x2 direction is 2 function
of Froude nuzber, but for the relative vslocities considerad here it
was felt it could be assumed to be constant st 0.035. ‘The added mass
coefficient, CIR , was 0.4,

In order tc obtain similarity between the numericnl model and the

results of the hvdraulic¢ model study veported in Ref. 3 with respect

to response decay curves, it was necessary to arbitrarily modify the
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usuel expres' ion for drag force in the 22 direction of the buoy “y
making the force proporticnal to the velocity instead of the velocity

squared. In Eq. 10, Fz’ was established for one pie-piece as

_ 7(46)2 1
Fr2=C 13

22 = Coa v (25)

22

e

Thus the drag coefficient is no longer dimemsionless. For this work

the value cf € was 12.0. The value when the relative acceleration

DA

in the 27 direction at the chine was positive of C was taken as

IA
3.0,and 0.8 when that relative acceleration was negative. The
auxiliary Jdamping coefficient, q , in Eq. 11 was given the value

200,000 ft-1b-sec. The distance X , was determined to be 9.2, The

vi/2

dimensional wind drag coefficient, C , where W = Cprair "

Dw
was dets.om ned experimentally in WRath (13) to be 140. The resulting
buoy motion due to the above selection of coefficients is given in the

uext section.
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NUMERICAL RESULTS

Longitudinal and Transverse Motion of the Line

One way te check a numerical model such as the one presented here
is to compare the results from it to those from a closed solution of
a simplified problem. This was done for the case of a taut vibrating
string, the solutions of which are well known. Tne develcpment of
the analytical solution will be presented first, foilowed by compar-
isons of analytical results with those from the numerical model.
Consider a straight, weightless line held vertically as shown in
Fig. 4. The line has a cross-sectional area of A and a modulus of
elasticity of E . The initial tensicn in the line is To . At
z = L the line is forced with a longitudinal excitation, Zo sin wt ,
where o is the radian frequency of the excitation, and it is
assumed that the initial tension is adequate to preserve the condition
of positive tension in the line at all locationms and times. It is
assumed that the effects of damping are negligible. The vertical
disple.ement of a particle of the line will be designated 2s £ and
the strain irn the line is then cz , where the subscript indicates
the partial derivative with respect to 2z . Only the steady state
vibration solution to the problem is desired. It is weli known that

the governing equation is the wave equation, which is:
(26)

vhere ¢ is the second derivative of the displacement with respect

tt

to time and a turns out to be the celerity of an elastic wave 3long

the line aiso given by Eg. 2.
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The diszplacement is then a funciion of the cooxdinate, 2z , and

the time, t , and the boundary conditions are:

[
(=

t(e,t) = (27)

t(L,t) = Zo sin wt (28)

It should be noted that L >> Z, and that the problem has been
linearized by iwpcsing the boundary condition 3t z = L instead of
the true condition, z = L « Zo sin wt . The sclution is obiaired

by assuming that it is 2 product in the form:
t{z,t) = {A cos g'z + B sin g z) sin wt . 130)

By imporing the first boundary condition it is seen that A = 0
By imposing the second boundary condition it is seen that B = Zo/ 3%

The solution foy the displacement Jdue to dynamic motion is then

- 1 . z .
g‘;(z’t) > T ————— sin 9... 31in wt (31}
0 ... wL ]
a
and for the strain:
g {(z.t} = ¢ . 1 cos 2% sin we {32)
r AR ca _._ WL a .
SLnT

Most ropes 4o not have lineer elastic characteristics, bur if
they are stressed to at least 20% of their ultimate strength the
stress strain diagram becomes approximately linear. The linear
condition was aszumed for this section of the work.

For a lirear elastic waterial the strain is directly proportional
to the stress through the medulus of elasticity, so that the svlution

for tha dynamic line tension, T , i3




w 1 wz .
= —_— 3 — 3
T(z,t) = AE Zo s oL ©°3 7 sin wt . (33)
sin —
a
For the total tension the steady tension, To , must be added to
Eq. (33). By substituting Eq. 33 into Eqs. 26 through 28 it is seen
that it is the sclution desired for the steady state vibration
condition.
Equation 33 shows that the !ine tension has infinite values wnere

. wl . .
sin T - 0 . This will cccur when

“bons , n=1,2,3, ... (343

{The case for n = 0 1is a trivial case where either L =0 ur
w = 0)

The numerical model was tested by modifying it te consider a
linear elastic material witk no damping and with longitudinal motion
only. A frequency of 0.7 radians per second was used to rapresent
ocean wave frequencies that can cccur as strong sweli. Ieveral water
depths, or lengths of line, were checked and Table i shows the results.

The line tensions were plotted by the computer for :he anchor
and the buoy end as functions of time. Euxamples of sucn plots are
shown as Figs. 5 and 6. It was alsc seen by inspection 2% the
printed output that nodes of zerv tension fluctuation occurred at the
positions on the line which are predicted by Eq. 33,

It was attempted tc create a resonant condition by selecting a
frequency such that wL/A = 2z , The purposes was to investigate the
effects of internal damping on preventing infinite response as
predicted by £« 33. However, even by setting the damping coefficient,

Q@ , equal to zer>, infinite response was not obtained, which
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indicated that the numericzl solution as presented was naturally
damped. A% this writiry it his not been determined why the numerical
sciution as presented here is naturally damped.

1t was also discovered that the full amount of damping, as
predicted by Eq. 23, produced a numerical instability in the progranm.
However, when one-tench of the theoretical value of damping was used,
the solution was stable for most conditions and it is felt that this
degree of damping in conjuncticn with the natural damping will produce
results that wili spproximste the action of a real nylon line. The
results of testing the solution for a 20,600 feet long line are given
in Table 2.

The results show that for the conditions assumed the osecillatincns
in tension were reduced b¥ one-third., For frequencies that were not
near the resonant frequencies the dampiug had little influence on the
oscillations, as expected.

‘The numerizal model was alsc checked in the transverse, or x
direction. In this case the steady state transverse vibration was
determined for all positions, 2z , and time, t . The analysis
assumed that displacements were verv small aad that the tension in
the line was constant in time and position.

The assumed conditions were that both ends of the line remain
fixed and a3t time equal t2 zero the transverse velocity of the line
was sinusoidally distributed along the line. As time progressed the
horizontal displacement of the line was also longitudinally distributed
snd the following devciopment will show the closed solution for the

horizontal displacement, n(z,t) . The boundary conditions for this

problem are,
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n{e,t) = n(L,t) = C {35}

The initial condition is

n, {z,0) = Vo sin %3 (36)

where Vo is any convenient velocity amplitude ~»d b is the
longitudinal celerity of a displacement wave al.ng the iine given
also by E£q. 3.
The governing equation is again the wave equatien,
= p2 7
Nee b Ny (37
A product solution is assumed and the general form is

a(z,t) = {C cos = z + D sin bﬂ z) sin wt (38)

oE

After applying the boundary conditions and the initial condition, the
soslution is found to be,

(z,t} = Zg-sin 22 sin wt (33)
n[;} ) 5—’5 @ E

Equation 39 shows that there are ncdes on the line of zero displace-
nent for all time. In the numericzl program the tensicns were set <o
be constant with time and positicn and all drag and added mass
coefficients were set equal to zero.

For the numerical work, an initial tension of 3905.2 pounds was
assumed in addition to a frequency, w» , of 0.251 rad/sec and a line
length of 20,000 feet. It is seen, ther, from Eq. 39 that nodes
should occur in the linre at =z = 5,000, 15,000, 15,000,and 20,000

feet. The results cf the nuzerical work showed that the nodes
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occurred at about 2 equsl tfo 5400, 10,900, 15,400 and, of coursz,
20,000 feet.

The maximum magnitudes of the displacements should be 13.3 feet,
as predicted by Ea. 39. Figure 7 shows that the displacsments wers
not perfectly symmetrical, mostly due to the fact that the nodes did
not occur exsctly where they were supposed 1o occur. However, the
aversge maximum displacement as determined from Fig. 7 iz 18.3 feet.

The conciusion from the above tests was that the rating of the
numerical model can be described as from good to excelleat, the first
rating applied to the transverse motion and the second referrirz to
the longitudinal motion.

Many buoy moorings are establishe. with a very tuut line running
almost vertically from the anchor to the buoy. It will be shown
below that the resonant length or frequency of the mooring line will
depend a great deal on the type of buoy that is used at the water
surface.

One condition for consideration is that shown by Fig. 4 where
the longitudinal displacement at the top of the line is imposed as
the boundary condition. The equation of motion in terms of displace-
ment is given by Eq. 31 and the line temsion is given by Eq. 33.
These equations show that ressrant conditions exist when wLfa = nm .

Consider next equal conditions except that the boundary condition

at the top of the lime is a forc2 given by

= .‘ {
*.=L FO sin wt {40)

The new boundary conditions, for 2 material with a linear stress-

strain relationsiip, are given by Fq. 40 and
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1 .
t,(L,t) = 45 F_osinwt (41)
On substitution of the bcundary conditions into Eq.

finds that A = 0 and that

w wh _. _ . -
B 3 €0s 7 sin wt = o= Fo sin wt 42)
thus,
Fo a 1
T — - 4
B AE o wL (43)
COS5 ~—
a
and the soluticon for displacements is,
Fc a 1 wz
g(z,t} = Y =T sin = sin wt (44)
COS’a—-

The curious difference between Eqs. 44 and 32, is that infinite

responses occur for Eq. 32 at wlL/a = nn but for Eq. 44 they occur at

. / v
wlh/fa = n 7
For design purposes the resonant conditions should be avoided.

For very taut moorings that approximate the configuration shown in

Fig. 4 the most ssrious mede of motion will probably be the longitudi-
nal one. Damping may be relatively low. The rescnant length of line,
given 3 particular wave freguency, will then devend on the bourndary

condition at the top of the line.

Censider two types of buoys that may conceivably be meored to
One buoy

nearly verticsl mooring lines at the air-water interface.
is a surface following large disc and the other is a non surface, or

relatively stable, spar. For a flexible mooring line the large disc

will impose a displacement at the upper end of the line as it closely
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fol lows the undulations of the water surface whereas the spar buoy
will impcse a time varying force on the line as the waves pass the
spar. For a particular wave frequency the resonant length of line for

the disc mooring will be

L=n gi» n=1, 2,2, ... (45)

Fur the spar buoy, the resonant length of mooring line will be
L=no— n=1,2%,5, ... (4¢)

For other bucy types, such as the aid to navigation buoys used by the
t}. 3. Coast Guard, some condition between Eqs. 45 and 46 will exist.
In addition, several wave frequencies exist at sea and all resonant
cenditions with respect to the entire wave frequency spectrum should
be investigated.

Tc illustrate with numbers the foregoing concepts, consider a
common ocean wave period of seven seconds. The frequency will be
0.90 radians per second. Assume that a one-inch diameter nylon line
(that is rearly neutrally buoyant) is used and that it is pre-stressed
to 2200 pounds. The modulus of elasticity will be about 7.5 x i9% psf
according to Fig. 3. The saturated density of the line will he about
0.0118 slugs per foot. Thus the celerity of a longitudinal elastic

wave in the line will be about,

.00547 x 7.5 x 10°
- 47
2 \/ 0.0118 (473

or,

a = 1860 fps . (48)
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For the disc buoy, the resonant lengths of mooring line will be
6,500 feet, 13,000 feet, etc. For the spar buoy, the resonant lengths
of line will be 3,250 feet, 9,750 feet, etc. It should be stated
again for emphasis that ail wave frequencies should be examined for
the resonant lengths of the line and the type of buoy must be given
carafui consideration.

Now consider the equations for line tension for both the above
conditions. For the disc buoy the temsion is given by Eq. 33. Fer

the spar buoy the tension will be,

T(:,t) = Fo - cos gi sin wt . (49)
oS -a‘-—

Fcr botn conditions the dynamic line tension is a maximum at the

anchor! For the disc buoy the dynamic tension at the buoy may be zero
if wb/a = nw/2 with n = 1,3,5, ... . For the spar buoy the dymamic
line tension at the buoy will be Fo sin wt and the displacement will

be zero if wl/fa=nax , n=1,2, ...

Buoy Motion

A necessary part of this study was to select the proper values
of the coefficients in Eqs. 9 through 17, The procedure was to rely
heavily on the 1:10 scale model study in Ref. 3. In particular some
response decay curves for the pitch and heave motions were generated
that implicitly display the effects of all the coefficients. By trial
and error the coefficients were evaluated for the numerical model
until the predicred response curves nearly matched the best estimate
for the resporse curves of the prototype. The response curves for

the prototype were estimated frou the response curves from the scale
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model study by considering the Froude modeling relationships and the
shift in natural periods due tc different degrees of damping.
Hydrodynamic damping in the model studies should be greater than in
the prototype because of the Reynolds number scale effect. The
natural period in heave for the prototype predicted by the model study
was abcut 3.6 seconds. After accounting for the Reynolds number
effect, the period was reduced to 3.2 seconds. The period in heave
from the numerical mcdel was 3.1 seconds, which was considered to be
close enough. Peaks in tenrsion spectra from prcototype measurements
occur at periods of from 3.1 to 3.4 seconds and it is predicted hera
that they were due to the heaving motion of the buoy. The model study
also showed a ratic of 1.128 between the heave period and the pitsh
period. The ratio for the numericai work is 1.148.

Figure 8 presents the normalized pitch respense decay curve for
the numerical work and the results from the hydraulic nodel study
where the normalizing pit~h is the pitch at time equal to zero and the
normalizing time is the natural pericd. A similar curve is presented
in Fig. 9 for the heave motion; however, the beginning portion c¢f the
data from the hydraulic study appearec¢ to be influenced by the release
of the buoy model at the start of testing. Thus the curve for the
hydraclic model was arbitrarily shifted to the left so that the
subsequent vibration wculd be in phase with those from t'.e numerical
work.

One minor but interesting phase of this work was to cbserve the
predicted motion of the buoy on the surface of a wave. For thi, . .rt
of the work it was assumed thit the buoy was moored in 200 feet of

water with an elastic —atursal that produced an equivaient spring
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constant at the buoy of 10 15s/ft, always directed toward the anchor,
with an initial tension of 50,200 1lbs. As in all rhe work invoiving
waves, the wave heigh 3 built up linesrly with respect to %time over
one wave period. Thus Fig. 10 shows how the wave height was increased
over the first wave period ¢7d¢ how the buoy and mocring behaved fer 2
wave 260 feet long and 36 feet high. For this case the mass-spring
system in conjunction with the water particis acceleratior was such
that the attachment point was exposed to the ~ir shortlyv after 14
seconds and the program was written to stop foac such aa occurrence.
Figure 11 shows the buoy successfully negotiating the same wave for
the free-floating conditicon and Fig. 12 shcws  successful ¢ransit

of the moored condition when the wave height was reduced to 35 fcet.

A much longer and higher wave is preszared in fig. 13. Figure 13
clearly shows the buoy heaving on the - ave at the natuv- sl duamped

period of 3.1 seconds, as well as at the peried c¢f the wave.

Water Sheave

Another minor dut very interesting investigation made during this
study was that which is sometimes refc.red t¢ as the¢ "water she s
effect. An illustration of the problem is, say, a mooring in 20,300
feet of water subjectea te a 150 Xt. wind. At some tix the wind
suddenly shifts 180° and blows the buoy baclk aleng the aligament of
the mooring iine unti! it and tne line reach new equiliprium positions,
How the line temsion varies during the transient movion has been :p
question. 1t is felt that the form of the iine tension colutior
presented herz, based on the method of ¢haracteristics, is particulariy

well suited to handie this problem in a numerical manner.
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A siwilar probiem as thit posed above was iavestigated. How er,
in order to save cemputer time the top of the line was (ranstated at 1
higher welcrity than would b2 the case if the wind drag only on the
biuoy % ~e re-vrersed  First it was derermined that if the bucy bdreke
tree fror *~ mroring, 2 150 kt wind would pusn it through the water
with a speed of 13 fps. It was decided to translate the iinz at the
eonservativel, much higher velocity of 25 fps, incrzasing it linearly
frem © fps in the period of 20 seconds. Aw initial "in vlace” or
tens’uned scope of about 1.3 was zssumed and the initial non-
equiriibrium tension of 700D lbs. was established with a iine diameter
of 1.5 inches for 2 .cateria: with chiaracreristice as shewn in Fig. 5.
The +irst cumputatiosn consisted of fixing the tcy of he line in place
and allowing it to reack an equilibriwm position. »th positions are

shewn 22 time equal to zerc o-. Fig. "2. Then tke line was moved %o
the jeft witl the velocity function preseatad above. fhe sequential
positions of the line a&s deteramined by the numerical ccmputaticrs
are showr in Fig. 14,

The tension in the line dripped during the first 150 seconds and
then graduazliy increased until rearly rupturing the lime, at which
time the compurations were s*opped. DUuring the increase in tension
phase the maximum teitsion orcurres at about 0.967 the distance down
the line, The line length changed in accordence with the state of
*ension along the line. The tensior contours on tae s-t plane are
shown in Fig. 15. It should be noted vhen examining Fig. 15 that
station 1 represents the snchor apd subsequent siation numbers are

spaced 86C.7 feet apart. It can be seen that the tension at the

anclot decreased ror zbout the first 150 saconds and ther steadily
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increased. Toward the end of the computations the tension in *he line
was nezrly constant with respect te line position, which is reuasonable
by inspection of Fig. 14,

1€ the top bouncdary condition hau been the actual buoy with the
wind only driving it, the tensions would have been lower because cf the
lower buoy velovity and because af the differences in the initial
loading condition. When the horizental component of the line tension
at the buoy had equaled the wind drag of 10,800 pounds the buoy-motion
would stop. Thus it cen be seen that the conditions imposed were much
more sever2 than what wouid have been experienced at sea. If the
submerged weight of the anchor were less than about 10,000 pounds it
wouild have beecn lifted from the bettom (assuming no adhesion te the
bottom} at around 1000 seconds or mere. If the real bcundary conditien
had been imposed at the buoy enda, the motion would have been quit
slow znd the computer time necessary to complete the problem would

have been prohibitive withir the budget for this study.

Effects From the Environment at Sea

The main purpnse of this research was two-fold; 1.) to complete
the debugging of the numerical program and to test it against closed
mathematical solutions, as zlready discussed, and 2.) ts gain some
insight into the influence on dynamic line tensions rfream different
vind and curriat loads and u..ferent linec scopes. The work related
to the first item has beer pzresented. For the second purpose it was
decided to design a few moorings in 20,006 feet cof water for certain
scopes for a waximum wind condition of 1506 kts., subjecting each
mooring to waves of various frequencizs. Then the same moorings +ere

tested with the same waves but with 2 moderate wind velwcity of SO kts.
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The current velocity profiles correspondinrg to the two wind velocities
are presented in Fig. 2.

As presented previously, the computer program first determined
the steady state, or equilibrium, position of the lires. The £i-e
different conditions are shown in Fig. 16. In all cases the equilib-
rium tension in the lire was kept below 47% of the breaking strength
as predicted by Fig. 3. Thus three diameters were selacted, 1s mn
in Fig. 16. A summary of the lcad and scope conditions is given in
Table 3.

Two short runs were made in shallow water in order to obtsin a
brief view of the infiuence of fairly large waves on line tension.
The steady load conditions for these two runs are summarized in Table
3. The profile equilibrium positions have not been included in a
Figure because they were practically straight lines.

The dynamic program based on the method of characteristics was
compared to the steady state program in terms of the static leoads.
The procedure was to assume a water -depth of 10,100 feet, a scope of
2.02, diameter of 3 inches, a 100 kt. wind, nc wave and a surface
current of 6 kts As before, the steady state program determined the
equilibrium conditicns, which established the initial conditions for
the dynamic program The dynamic program was then allowed ¢c run ¢ a
~eal time of 65 seconds during which no environmental conditions were
changed. The configuration ¢f the line changed somewhat, but nct
beyond what was felt were ac~2ptable limits. It was found that the
angle at the top of the line decreased (which was anticipated because
of the change froa equal angle increments to eaqual distance increments

aleng the line) as well as the angle at the bottom of the line. The
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progran ran until the angle at the top decreased to a mimimum value,
snd then was increasing to when the cemputations were stopped. The
line tensions were re-distributed somewhat but the total line length
and the buoy coordinates changed very little. A summary of the
computations is given in Table 5.

It was next desired to subiect thz five mooring conditions to
waves of varicus frequencies, or lengths. 1In each case the wave
height to length ratio was kept constant at 1:15. Thus the waves were
not nearly breaking but also they could not be classified as small
amplitude waves. The dynamic tensions at various stations aiong the
line were determined and plotted by the computer. Generaily. the
mrximum dynamic tensions occurred at the buoy or at the anchor.
Examples of tensions at the buoy and at the anchor are presented as
Figs. 17 through 3Z. Point 31A refers to the attachment point at the
buoy. It will be noticed that other frequencies, in additien to the
frequency of the impesed wave, are present. All pericds of frequencies
in evidence wii! be accounted for later.

The computer outpup included tension ccntours in the s-t  plane.
Examples are shown for conditions I through V for the 500 feet long
wave as Figs. 33 through 37. The value of each contour line has not
been iidicared but can be determined by the reader by referring to
Figs. 17 through 32. The impo:icant thing in Figs. 33 through 37 is
to nrotice the pattern of line tensicns. The nodes of zero or small
tension fluctuations are clearly visible, as are the regions of
maximum tension fluctuations. Equations 33 or 49 can also be used to
approximate the iocations cf the nodes if the 2z is replaced with s .

That is, the nodes occur where cos ws/a = § . A compariscn of the
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results obtained from the numericel model with those from Eqs. I3

and 49 is presented in Table 6. The compariscn is fairly good except
at the highest wave frequencies. Thus the position of the nodes can
be estimazed from Fq. 33, regardless of the lire curvature. This
introduces the possibility of determining the best position for locat-~
ing sensitive instrumentation, at isast with respect to line position.
That is, the positions of ninimum displacement variation can be
determined from Egs. 31 and 44 by setcting sin gi =0 , or the
minimum tension variation can be determined by setting cos gﬁ =0 or
the minimum line velocities can be determined from a contour map of
velocities or by taking the total time derivatives of Eq. 31 or 44.

A complete summary of the runs made wiih waves for conditions
I through V is given in Tables 7 through 11. Included in the Tables
is the value of the damping coefficient, § , used, the rarge, or
double amplitude, oi dymamic tension, the mean value of line tensions
at the end of the run, the pericds of the frequencies svident in the
output records and a calculated line tension based on Eq. 33 for which
the length cf the line was taken as the ''stretched' or "in-place”
length at time ecual to zero, and the modulus of elasticity was taken
as that corresponding to the temsion in the top of the line at time
equal to zero.

It is desirable to be able vto display and compa-e mcoring line
tensions in a way that takes into account the difference 1in line
diameter and length, the differences in wave height and freguency und
the resonant frequencies. Thus it is desirable to normalize the
tensions and corresponding frequencivs tc compare the results cf

different types of meorings. The normalizing factor fer tensions for
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this study was based on tht total saturated miss of the line
{excluding the added mass) and a characteristic wave acceleration.

Thus
Normalizing force = p L H w? . (50)

Since eq. 33 can predict the nodes in the line fairly weil for the
moorings presenizd here, it was feit that Eq. 34 may suffice for
predicting, at least approximately, the resorant frequencies with
regard to line tensicns despite the presence of considerable curvature
in the line. Thus the first modal frequency predicted by Eq. 34 was
used a% the norealizing frequency. Conveniently, the first resonant
condition should occur at f/f1 = 1.0 and the# subsequent higher mode
resonant conditions occur at f/fi = 2.0, 3.0, 4.0, etc. The resonant
frequencies of interest for the five conditions are presented in

Table 12. The resulting normalized frequsncy response curves for
conditions I through V are presented as Fig. 38 for mcoring line
tension at the buoy and Fig. 39 for mooring line tension at the anchor.
Admittedly, the data is sparse, but the trend for moorings considered
here is clear. That is, the greatest dynamic response, especially at
the resonant conditions, occurs for the higher wind conditions. The
next most influential parameter is the line scope. It has already
been seen, and is common knowledge, that scope is a most important
parameter for steady state loads. The responses at higher frequencies

tend to be damped out due to hydrodynamic action. nNo data was

"

obtained for f/fn 1.0 because such a condition would be due to
waves considerably ionger than 1(00 feet and such long waves were
uneconomical to consider. However, little energy exisvs for waves

longer than 1500 to 2000 feet in most wave spectra.
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With several curves like Figs. 38 and 33 for a complete range of
water Jepths, scopes, line diameters and types, it may be possible to
generate a non-dimensional empirical sclution for dynamic line tencions
for any homoseneous one point mooring. Or perhaps analytical transfer
functions lased on linear systems, which are being developed by others,
can be compared to results like Figs. 33 and 3§, which consider most
of the non-linearities in the problem. This subject has been left
for future study.

In ordar to test the program for quite shailow water conditions
and to gain whatever information possible with just two runs, condition
VI for a depth of 150 feet and condition VII for a depth of i000 feet
were investigated for a wave 600 feet long and 40 feet high.

For the depth of 150 feet the sequential positions of the line
are shown in F:g. 40 from time zero to 13 seconds. At about time
equal to 14 seconds the line tension became negative and the program
stopped because a square root of the negative tension occurs. The
line tension, which was nearly corstant along the line at any time is
shown in Fig. 41,

For the depth of 1000 feet the iine »emained nearly straight for
all motion. The line tensions again were nearly constant along the
line at any time. The fluctuations in the tension at the buoy and at
the anchor are shown in Fig. 42. It should be recailed for both

conditions VI and VII that the wind velocity was 50 kts.




SUMMARY AND CONSLUSIONS

A review of the basic equations fox the numerical modeiing of the
mocring line motion based on the metfiod of charactericstics and the
motion of the buoy has been made. 3olutions for a homogeneous mooring
line have besn presented whi=h include hysteretic damping and hydro-
dynamic damping. In addition, a summary of zmalytical soluticns fer
a straight, taut mooring line has been presented and it was attempted
to apply the procedures developed to the single point curved, or less
taut, moorings. It was found that this approximate procedure did
pooriy for estimating mooring line tension but did quite well in
estimating the positions of the nodes of tension and in predicting the
natural resonant fregquencies of the line.

A new way of presenting freguency response curves for taut or
slack mooring lines subjected to waves was suggested. The normzlizing
procedure mezkes it pessible to show the frequency response for lines
of different lengths, diameters and materials on the same scale. Thus
the influence of scope and wind magnitude on dynamic mocoring line
tension was presented while normalizing the influence of line diameter.
It was found that smaller scope and/or higher wind increased the
dynamic tensions drastically, as well as the steady state, or mean
line tension.

Two uns were presented for shallow water. It was seen that a
large wave in 150 feet of water would have been disastrous to a 2 inch
dimmeter line, However, the same wave in 10U0 feet of water with the
same line and scope produced reasonabie dynamic tensions. It was

seen that the tension was nearly constant along the line at any rinme.
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Probably a staztic solutiea approach would be adequate whevsin the
line tTension would be deternined based or the sequential positions
of the buoy on the wxve and the subssquent change in scope without
regard to sccelerations, Howsver, this procedure would be very inade-
guate for deep water moorings.

A presentation of the water sheave probiem was made which

-~

illustrated an additional application for the numerical program.
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TABLE !. - COMPARISON BETWEEN THEURY AND THE NUMERICAL MOUEi. FOR
LONG? UDINAL DYNAMIC TENSIONS IN A STRAIGHT LINE.

- ——

Depth or Variatio~ in Lire Tencien  Variation in Liné Tensiun
Linc Length at the Anchor (1Y%s) At the Top of the Line
{£2, - @Qbs)
Num. Model Eq. 33 Num. Mudel Fg. 33
5,000 1,380 1 338 296 7273
10,000 3,259 I,200 £,990 2,940
15,000 1,647 1,600 330 532
20.00¢C 1,7¢0 1,750 1,170 1,172

Line diameter = 1.5 inches 6

Moduive of Elasticity = 13.1 x 10 psf

Line density = 0.02435 slugs/ft (same u4s sea watcr)
Ampiitude of fcrcing motion = 15 ft

¥requency of forcing motion = 0.7 rad/sec

TABLE 2. - COMPARISION BETWEEN NATURALLY DAMPED AND FORCEFULLY DAMPED
LONGITUDIKAL VIBRATIONS FOR A OEPTH OF 20,000G FEET.

Value of the Variatiosn in Line Ter:s . Variation in Line Teasion
Damping Coeff., at the Anchor (ibs) at the ton of the Line
Q - (1bs)
Num., Model Eqg. 33 Num. Model Eq. 33
¢ 3,237 ) 3,677 ©
S
4"1" 2,085 N.A. 2,348 N.A.

Same lire and forcing characteristics as for Table 1, e~<ept.
Frequency = 0.6105 rad/sec




TABLE 3. - SUMMARY OF STEADY LOAD CONDITYONS FOR THE FIVE MOORINGS IN
20,000 ft, Time = 0

———c

Condition Wind Line "Stretched!" Tension at Tension at
No. Vel. Dia. Scope Scope Buoy {1lbs) Anchor (1bs)

{Kt3) (in) $ UIT $ UIT

1 150 3. 0.80 1.63 99,804 86,614
.47 3

il 150 2.5 0.87 1.31 47,777 41,077
.44 .38

II1 50 2.5 G.87 1.03 16,177 G.4827
BT .09

IV 150 2.0 1.18 1.5¢ 27,699 25,556
.40 .34

' s¢ z2.0 1.16 1.34 6,982 2,635
.10 .04

Note: Scope = Length of line on land : water depth
“Stretched” scope = Length of line under load, in place @ water
depth
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TABLF 4, - SUMMARY OF STEADY LOAD CONDITIONS FOR THE TWOU MOORINGS IN
SHALLOY WATER. Time = 0 Wind Velocity = S0 kts

Condition Water Line "Stretched! Tension at Tension at

No, Depth Dia. Scope Scope Buoy (1bs) Ancher (1bs)
{£t) (ins) UH $UH

Vi 150 2 132 1.50 2,021 2,001
.03 03
VII 1,000 2 1.32 1.50 2,564 2,394
04 03

TABLE 5. - COMPARISON OF EQUIL:;BRIUM CONDITIONS BETWEEN THE STEADY STATE
PROGRAM ANL THE DYNAMIC PROGRAM

Program Time Angle Angle Tension Tension Total X-Coordinate
(secs) at at at at Line of Buoy

Buoy Anchor  Buoy Anchor  Length (ft)
(Rad} (Rad) (1bs) {(ibs) (ft)

Steady O 1.089 0.057 19,977 15,383 24,327 21,531

State

Dynamic 65 0.9CZ2 6.¢2%1 21,817 12,141 24,282 21,320

Steady 1.21  4.66 0.915 1.265 1.002 1.010

Dymamic




TABLE 6. - COMPARISON OFf TENSION NODES BETWEEN THE NUMERICAL MODEL AND

EQ. 33
Wave Node Pesitien from Node Positien from
Coundition Length Numerical Model Eq. 33
(fr) {ft) {ft)
I 500 4,600 5,920
16,200 20,600 {at buoy)
11 145 4,449 3,680
11,600 11,000
18,900 18,400
32¢ 5,900 5,500
17,000 16,560
560 5,240 6,800
19,500 20,400
1,000 10,600 9,650
111 145 4,860 ? 7,400
10,300 ? 12,300
14,400 7 17,200
325 3.910 3,680
11,760 11,100
509 5,150 5,15¢C
15.10G 15,400
636 5,500 4,600
16,000 13,800
1.000 7,550 £,450

18,700 1%,300
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TABLE o. - Continued

AT Wave Node Position from Node Position from
R Condition  Length Numerical model Eq. 33

(£2) (£t) (ft)
TJ v 150 4,020 3,730
2{ 11,200
;ﬁ 17,250 18,700
i 275 7,030 5,050
) 17,460 15,200
?E 560 8,003 5,800
if; 21,600 23,400
@i 600 8,350 7,450
;l 23,300 22,300
:f' Y 150 2,510
. 9,800 7,550
- 12,5C0
275 3,400
g 2,700 10,200
460 4,450 ° 4,360
A 13,100
% 500 4,450 4,580
13,7600
600 4,350 5.000

. 10,500 ? 15,000
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TABLE 6. - Continued
Wave Node Position from Node Position from
Condit.on Length Numerical model Eq. 33
(£) (£1) (fv)
v 150 4,020 3,730
11,200
17,250 18,700
275 7,030 5,050
17,460 15,200
560 8,003 6,800
21,600 2),300
600 8,350 7,450
23,300 22,300
v 150 2,510
9,800 7,550
12,500
275 3,400
2,700 10,200
460 4,450 ? 4,360
13,100
500 4,450 4,580
13,7¢0
600 4,450 5,000
10,500 7 15,000
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FIG. 40 SEQUENTIAL POSITIONS OF THE MOGRING LINE. DEPTH =
150 FT. WAVE LENGTHE = 600 FT. WAVE HEIGHT = 40 FT. WIND = 50 KTS.
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FIG. 41 MOORINGS LINE TENSION. DEPTH = 150 FT. WAVE
LENGTH = 600 FT. WAVE HEIGHT = 40 FT. WIKD = 50 KTS.
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